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FOREWORD

This report was prepared by the Department of EVectrical

Engineering of the University of Southern California under USAF-

Contract No. F 04(695)-67-C-0109. This contract was initiated

under Project, No. 5?8 University Program. Task No. 10, "Aeio-

space Vehicle Detection and Tracking Systems". The work was

administered under the direction of Space Systems Division. Air

Force Systems Command with Li. Amoroso acting as project

officer and technical support furnished through the TDPS Office of

Aerospace Co rporation.

tInformation in this report is embargoes under the U.'S.

Export Control Art of 1949. administered by the Department of

Commerce. This report may bq released by departments or

agencies of the U.S. Government to departments or agencies of

foreign governments with whic -the United Stafes'has defense

Freaty commitments. Private individuals- or firms mustcomply

iwith Deparfment of Commerce export control regul.ations.

Publication of this report does net cbnstitutU AWiForce

- approval of the report's findings or conclusions. It is published

only for the exchange &nd stimulatian of ideas-.



ABSTRACT

The subject of this report is the deiivation of optimum control

rule for guidance of a space vehicle which seeks lo reach a nioving

target. The available thrust vector is assumed to be bounded in magni-

tude and any on-board measurements to be contaminated by random

noise. The performance measure is chosen to be the expectation of

terminal miss (tistance. The optimum control rule is shown to be a functioi of the

sign of the expected value of line-of-sight angular rotation with respect

to an inertial coordinate system and, consequently, measurement of this

angular rate (e.g., by means of an angle tracking system) is sufficient

to implement the optimum control rule. The optimum controller is very

simple and more suited to space application tian the -conventional meih6d

of proportional navigation coruronly used in missile systems operating

in lower altitudes due to the desirability of using reaction jets in space

vehicles.
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t. INTRODUCTION

,. .i with techniqueis for control of ar interceptor

/ 0!- k :; t o rOc b, a JuJvNing target in rface. When the control of the

inle,'rceptor i"' bai:Jes 1ieon data that is contaminated with noine, and wheii

botl the ia. terceptor and the target are assumed to be point masses,, the

probaibility ;:f interception will, in general, be zero and the distance of

(:t'. est appu:oaeh wili b, a random variable. n such a circumstance we

P-.ay use. ihe expee+ed value of..he miss distance as a performance measu-re.

1" [he taret trajecunry is available to the interceptor either through

.o;'J )ri i .owl'cdg, or bL s;om on-board measurerients, the interception

oON.,bbn) may be ";olvcd by determining the time and point of closest approach

a1nd, choosing a -ontroller which satisfies tezyrni'al condition. The control

•ilay be of an open-;,jOl; nature. When the interceptor dynamics are goverried

by lnear dif.erential equations with bounded control the solution to the

problern , ,..iscussod in 1 1 1 and [ 2]. However, in practice the amcx. t

of inforr-ntion concerning target motion is inadequate to enable the con-

troller to generate a reasonable estimate of target trajectory since, at

any given tHie, the future target acceleration is unknown. Furthermr ore,

it may not be desirablc or practical to measure the interceptor-target

ralle accurately. Cor, eqticntly, it is clear th-at a closed loop E;olution

to the proble,- should be souiqht. This is an old problem and hac been

solved in practice by means of choosing a reasonable for.-r, for the inte--

ceptor control law and thenrminimizing the expected miss distance throtugh
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:itll1ltioi 1-y *Aju3ting va..ious paraiaeters. A very ccmrron scheme is

~'6!f e r d vc) au 1)r:oportona 1 navigation in which the interceptor attempts

io reduce the rotation of the line-of-sight to zero by applying control to

change the direction o~f its velocity vector (it is called proportioni.'. ravi-

f!ation because the camponent of interceptor acceleration normal to ,.ts

velocity vector is made proportional to the line -of-seight angular r'-.e.

In a recent paper [ 3] it was, shown that this scheme is optim-ur uLnder

!1ir(ce very reatrictive conditions, namnely; (1) in the abS<.n Ce of any noise,

(2) having the a priori knowledge of flight durationand (3) when the

Dc rf ormanc e criterion is taken to be a quzadratic function of the terminal

trass and the control vector wher:e the control vector is assumed unbounded.

Although this is an interesting result, yet, it does not yieldA the solution~-o-

the practical problem cited above. 'In this work an optimum closed loop

solutilon to the prublem is; derived where the control i.3 bounded in rnagni-,.

tud.% arnd the performance measure is chosen to be the mathemnatical expec-

tation of the terminal miss distance.

11. DERIVATION OF EQUATION OF MOTION

For this study, the planar motion of the target and the interceptor

wili be consideredt. The sclution to the thr-'e dimensional problem may

be obtained in a similar manner. Figure I displays :he target-interceptor

geometry with respect to a target centered coordinate system.
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iinti a. comiponent along v(t) and a component normal to v(t). These c-orn-

ponents will be denote'd by the additional sub#;c, ;pts v and T respectivelyr.
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In ordier to obtain an explicit expression for the evolution in time of a (0~

the auxiliary vnariables pft, 6t) a-Ad y (t, 6t) must be eliminated from Eq. -(I),

Conisider ft-st %I(t, 60). Since jwt) - W(t +6t) 0~ (6t) 1 we have

x i~s the Euclidean norm of the vector x in. the plane,

01-C6t)
lirnl 0.~)

Ot O 6t
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,jv(t) IIsin jo it)
y~~t,6t)- --- Iit) + 00~t))

Similarly,

pat INJ _ l(t) + a TN (t) +

If Eqs. (Z) and (3) are substituted into SEq.. 11), tiie fc;Uowing equation

restAUs

11vt11 sin aft Nt) + a (T )v

g =t 6e (t) + -at-6- + o(60 (4)

Dividing, E4. f4i through by 5t. and taking, the limnit fit D' yields

II v ~ ~ ~ a (~T) +alit
z -- s'in d(t) + (5

Equarion (5) is the basic eiaundcrbi the Aimca pioez-

ties 'if the systevai. Not,! that only th-c"E eiiponentt of wv-hicie accelerationi

perpendicular-to the r.ruhant v~aioty vector V(t) xfect "iie line-of-iglit

*mgulax rate.



III. DERIVATION OF THE OPTIMAL CONTROL AW

It will be supposed in this section that the interceptor can orient

its acceleration vector in any arbitrary direction. Since we will mechanize

this system with feedback, the observable data must be specified. Assume

that the directional information available on board consists of the line-of-

sight direction and the interceptor velocity and acceleration vectors (these

latter may be obtained by using a set of accelerometers arxd iritegrators cr

by velocity measurements with respect to an inertial reference system

fixed in space.)

To be more precise, denote the observed portion of the vehicle

dytiamic characteristics by (t). Since it is not r :asonable to presume

that such time furctions as line-of-sight angle can be -.eeasured without

error, an additive noise vector n(t) will be added to the observations to

obtain the vector 11 (t), the feedback signal to the controller.

' t}= ()+ n (t) ( 6)

For convenience in notation denote the time function 1, (T ,; 0 < T < t by

itM

To obtain an explicit expression for the optimum control rule, we

will employ the dynamic programming fornialism. Let J denote the magni-

tude of the terminal miss distance if the optmal control is used. By

terminal miss distance we mean the euclidean distance between target

I -6-
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and interceptor at the end of the pursuit process. The scalar J is

non-negative an~d is zero only if the interceptor hits the target. If the

system state is given at timne t, the termdial miss will be a random

variable because of the dependence of vehicle acceleration on observation~

noise. The state of the interceptor may be des--ribed in terms of thelie

of -sight angle, the range, and the velocity. If the expected valu~e of the

miss distance is used as the performance measure, we have

H E J (aF(t), V (t), R (t)) Il MI 1 (7.)

This is a terminal control problem, a.nd consequently, tbe.ir-cre-

mental cost is identically zero. From Bellmns principle of optim-ality

[4J we obf;ain the kollowing recurrence formula-

H E EJ (a (t), V (t), R (t)) tr (I)]

a (T)

t< T<t+A

Since afT), t < r < t+ A is functionally dependent on Tt(I)1 we may use the

identity

Yi(E(fAI B)] E[A])

2
To simplify the notation, capital letters will be us-ed to denote the r~agri-
tude of the velocity, and range vectore.

-7-



to obtaxin

E(Jlc(t), V(t), R(t)jjtxq))- min {cl )V+At+)i()
ta (T) I:

t< T<t+A

If J possesses all necessary derivatives,

J(o(t+LA) , v(t+ A), R(t+A)) = J(a(b),V(t. E,(t))

1~9)=

J da + J dV A J dR N O(A}
S+ '5o(t) it A aV(t) dt aR (t--) dt-

Therefore,

0 M_ dV(t) 6J dR(t) o(A).; Ct 0 aan .[ V(t) d t 1A(t} dt7 A "

a (')
t< T<t+A

Clearly the rate cf change of R(t) depends only on the velocity vector.

v(t), and is thuxs independent of the minimization with respect to a(t).

Note that

dV(t) = a1 v(t* aTV(t)

dtI'T

do V) aI(t) +-a+T t)
dt R(t) V(t)"

Consequently-, we-must seek the minimuin of .

-8-
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X a (t1+EJ 0
aIN(t+ Et )

a a(t) + E{j4 I wj~

From the constraint equation

2 2

X~2

x

Consequently,

~ -- -- 111 (I))
.ac V(t)

a-
IN

2(12

}- i (t) 6O CY () 4 E BV ( ty I"

c E{ Iit)
aIV -/2

2V 2

I 1\tI)} + 'E - ) If.(1)Vlt) b oY tav t

The optimal control will lie on the interior of the constraint set

only ii

ZU
E t (1 E TV (13.)

-10-
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It seems reasonable to suppose that the set of t P 0, T) satisfying

Eq. (13) is finite or at least countable, and for this reason such points

will be neglected in this investigation.

IV. OPTIMAL CONTROL LAW WITH DIRECTION CONSTRAINT

Equation (12) gives an explicit expression for the optinal control

lw. Two major drawbacks to actual implementation of this controller

become immediately evident. On the one hand, the partial differential

equation for the conditional expectation for J (see Eq. (1O))must be solved.

Because of the bound on the control, this is a far from trivial task.

Secondly, the interceptor must have some means of sensing the direction

of its velocity vector. For som& vehicles this would involve an unwarranted---

increase in controller complexity.

One way to obviate these difficulties is to fix the direction of the

interceptor acceleration with respect to a measured direction. Since the,

direction of the line-of-sight is readily available, let us suppose that the

acceleration vector a(t) is orthogonal to the line-of-sight vector. Clearly,

this additionai restriction on the acceleration can only increase the per-

formance measure studied in the previous section. The justification of

the restriction lies in the reduced system complexity obtainable.

With the direction constraint

~-tl-



aIN(t) a(t) cos a 10

aIv(t) = a(t) sin o(t)

la(t) < c

We must choose a(t) to minimi.ze

E ja (c) os a(t) + - a(t) sin a(t)

Since a(t) is functionally dependent on t (I), the optimal control is

It'o co E{ ~ O (t) +-a.
a(t) sgn E BO V(t) + BV(t) sin 0(t (14)'

L this value of a(t) it placed in Eq. (10), a partial differential

equation fr the conditional.expectation of J would result. Solving this

equation, would represent quite a task and no 4ttempt will be made to

solve the equation explicitly here. Two intuitively evident conjectures

about properties of J, however, do permit us to obtain the optimal control

rule. Recalling that J is a non-negative function for all values of its

arguments, we might suppose that J(u(t), V(t), R(t)) is an increasing

fur%:tion ofa 0(t) for all positive V(t) and Rit) if > a(t) > 0 and adecreasing

ftunction of 0 (t) f or all positive V(t) and R (t) if < a(.) < Q. Then

-12-



1' rrt~ue, x(t) is always a positive quantity and Eq. (55)

indlic;ite~i Aai an incrcase in V(t) has Ihe effect of redtucing the infl1uence

at the i.-ei-cejitov ".celeration. Consequeialy, it seems reasonable Lo

Spee that

Lo-r all positivc, R (t) anid all u (0~.

From the symmetry of the problem

J (j 't), V (t). R (t)'O J(-ayft), V(t), R(t))

TV~erefore, we have the result that

,J Cosa( + - sin u(t)
o(t) V WF t)T

is an odd function of CY(t). In fact, if tie condonal probabiliiy dietribution

of n (t) is symmetric, and if 10r(t) I < r /2,

6J C~iSC (t) aV&
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V. CHOICE OF REQUIRED MEASUREMENTS

Pcquation (16) pi ovides the optimal control rule and for its imple-

~t Kti x~have to determine gn U1 W ! (t) (I) H~owever, a (t) ,cannot

:Ilioasuved directly sfince (see Figure 1) vT (t) is an unknown quantity to

rc' opt ceptr. F rom Figure 2

Rf-plac in, ' t , t) by its value in Eq. 12), directing both sides by- 6(t) and

tak11ing the limit au t - t we have

el inat(t

Since v (t) ljand jr(t) U ar 0 positi .au"dantities and Ia(t) 'I < nT/2 then

sgn a (t) sgn sir~ a (t) -sgr. Y(t) (9

Consequencly, the quantity which ;Thould be me7.sured is the line of sight

rotvation with respect to an inertial coordinate syst'mn. This quantity

can be measured oa-board by myeans of a tracking system. Finally, the



* ~~ el 1-1 aV 3 te

I ~:a b-t tikcn a~ i T(L) and then

whlere ii() is the mieasuremrent noi;se-. When statistics of i~t) and! nj&tl

a ec known1-, t'.e estimnation of Efi(t) II (nijcar- be carried out by appropriatu

opiin-al filteing C 5].

A different procedure in ad~dition tc, on,. discussed above can be

usesd in the special casa wihen the target ;a statirnfary. In this case

v (t) =v I(t). The anglo L-ctweexi v I(t) and an axis fixed wit', respei.:t tc

thi vehicle body can be measured by rr.eans of appropriate instru-en~s

on board. Furtherm ere, the angle betw-eeln rQt) and the body fixed '."Y.5

can be measured by means of an antenna ?-ysiem- fixed with reapect to

the vehicle. The desired angle (5(t) is the difference hetweopn these two

angles, The advantagz of this approach is that it is not necessarj to

mourt tile !tracking antenna an a stable platform.



V1. ADDITIONAL SYSTEM DYNAMICS

in pract;ce there may be a delay time of d seconds between a

4au T l(t) ani! gerieration of the appropriate acceleration given by (20),

The delay tinie d may he actually an approximation to various system

dynamics involved such as the tracking loop dynamics, reaction jets, etc.

It i., roasily seen that under this condition the optimum control rule given

by (20) should be modifi4 d to

where 1 t- (I', represents the time function 11 (T ); 0 < r < t-d.

In other words the control is based on the estimate of 1V(t) corres-

ponding to the data received over the interval 0 < T < t-d.

VI1. CONCLUSIONS

The optimnum control 1.4w for a vehicle which seeks to reach a

moving target has been derived where the performance criterion is the

expectation of the terminal miss distance and the thrust vector is bounded

~nmagnitude. It is shown that the optimum control law is a function of the sign of the

expected value of the line-of -sight angular rate with respect to an inertial

coordinate system.

-16.-
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